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where the real part of 5 is positive and (2) Fy{x) = zZ yW ~ Kx" log" x, y(n) ^ 0, K > 0, w > 0. Thus the partition k = l£i+2&2+ • ■ • +lki of into ki ones, &2 twos, and so on, is weighted in a certain way by the product shown, and various partition functions are obtained by choosing the function y(n) appropriately. For example, if y(n) = 1 for all n, then ay(k) becomes the unrestricted partition function; if y(n)=n for all n, then ay(k) becomes the plane partition of Wright [2] ;1 if y(n) = 1 for rth powers and 0 otherwise, then ay(k) is the number of partitions of k into rth powers; and so on.
The purpose of this paper is to establish the asymptotic formula
We prove (4) by a method used by Hardy and Ramanujan [l] to obtain some special cases thereof, namely, we first prove that for s tending to zero through positive values (6) log gy(s) ~ K (-J-)"(l°g y)"1^ + W(" + 1>-and then apply a Tauberian theorem proved by Hardy and Ramanujan in their paper. If ay(k) is nondecreasing with increasing k from a certain point on,
and hence (4) is true for log ay(k). This is the case, for example, if 7(1)^1. Formula (4) is obviously true for ay(k) under wider conditions than monotonicity, but on the other hand it is not always true for ay(k); for example, it is obviously false if y(n) is 1 for even n and 0 for odd n.
Furthermore:2 Suppose that 7(71) =; 1 whenever it is nonzero. Suppose that the set 5 of positive integers for which y(n) ^ 0 has the property that all positive integers not less than c can be partitioned into integers from S. Then (4) is also true for log ay{k).
To prove this observe that ay(k)^ay(m) for k -c^jw^I. Hence
Ay(k -c)/(k -c) g ay(k) g Ay(k) for k > c and the conclusion follows from (4). As a result of this, one can deduce asymptotic formulas for the logarithm of any unweighted partition function, provided only that the set of integers used is such that all sufficiently large integers can be partitioned into integers from the set. In particular, this is certainly true if the set of positive integers contains two coprime integers.
An important lacuna in the literature on partitions is the absence of an exact or asymptotic formula for the number T(k) of partitions of k into primes. From (4) and the prime number theorem we get only 2t / k V'2 (8) which is given by Hardy and Ramanujan (formula 5.281 of [l] ). In the paper following this one we consider a weighted partition function a(k) involving primes, namely that obtained by choosing 7(n) in (1) without any unproved hypothesis. Since proof of monotonicity of a(Jk) would seem to be extremely difficult (if true), we cannot assert (9) for log a(k). Note that (9) is the same as the asymptotic formula for log p(k), where p{k) is the number of unrestricted partitions of k. The correspondence follows from the fact that 22 A(«) ~ x ~ 221-nSx nix
Since also 22 log P ~ x, pi X the powers of the primes may be disregarded in (9).
Besides (8) and (9) we give some further applications of (4) at the end of the paper.
2. Proof. In the following s is real and positive. Both "o" and "0" refer to s tending to zero.
From (1) We find an asymptotic formula for <p~(s) for s tending to zero, and use it to find an asymptotic formula for log gy(s). This is the previously mentioned technique of Hardy and Ramanujan [l, 
we obtain (4) at once from (6).
3. Further applications. A few applications were indicated in the introduction.
As a matter of interest we give some further applications. A fairly general type of partition is obtained by using only components of the form: We put y(n) = 1 when n is of the form (12), and y(n) =0 otherwise. Comparing (14) with (2) and (4) ." + 11,«|.r(7+!)t(-+,)( {_} .
In particular, for partitions into square-free numbers:
log ay(k) ~ 2k1 '2. For instance, partitions into square-free numbers and triangular numbers, with duplications omitted or not, as desired, gives the result: log ay(k) ~ 2F'2.
